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What if we use a probabilistic approach?

A B

A B

A B

A B



We need to consider the properties of
our Machine Learning
models/approaches..



Spiral Dataset with an MLP: Different initialisations (of the weights)..
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Spiral Dataset with an MLP: Different datasets..

data_seed=0 (acc=1.00) data_seed=1 (acc=1.00) data_seed=2 (acc=1.00)

data_seed=3 (acc=1.00) data_seed=4 (acc=1.00) data_seed=5 (acc=1.00)

Varying dataset, fixed MLP initialization



Spiral Dataset with a Bayesian (GP) model: Different datasets..

data_seed=0 data_seed=1 data_seed=2

data_seed=3 data_seed=4 data_seed=5

Varying dataset, GP classifier (RBF kernel, Bernoulli likelihood)



What do you hope to take away from this session?



Common Questions?

What questions do we have about ML?

• Can I use ML to solve x?
• What does ML actually do?
• Isn’t ML just the same as y?
• Can I replace myself/my research team with ML?
• How much data do I need?
• Can I just use Deep Learning/Generative AI/ChatGPT?
• Surely Deep Learning/Generative AI/ChatGPT is all hype?
• Can any of this be used for science/engineering?



Things to consider..

• Are all datasets equal or how to choose your data?
• Gotchas: What Machine Learning can and can’t do for you.
• Average vs worst case Machine Learning
• Machine Learning and Causality
• Trade-offs in Machine Learning



Motivation



Why do we need to care about Uncertainty in ML?



Why do we need to care about Uncertainty in ML?

• Ambiguity in the task
• Ambiguity in our models
• Downstream decision making

• Safe
• Robust
• Transparent

• Improved performance
• Data efficiency
• Self-supervision

• Evaluation and Model Selection!!



Foundations in these two talks then Ivor will talk about some of the
latest work in this field and some applications!



No Free Lunch



Overview…

Motivation

No Free Lunch

Whirlwind Introduction to Inverse Probabilities

Model Selection

Gaussian Processes (a Prior over Functions)

Application: Bayesian Optimisation

Evaluation

Conclusions
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Ambiguity..
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Average vs Worst Case..
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Average vs Worst Case..
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Average vs Worst Case: Failure to model..
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Average vs Worst Case: Explicitly accounting for imbalance..
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Story of Machine Learning
(in three slides!)



Story of ML: Past…
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Story of ML: Present…
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Story of ML: Future…
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No free lunch
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No free lunch (more realistic)
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Why are we going to look at Bayesian methods?

“The Theory of probability is simply common sense reduced to calculus”
Pierre-Simon Laplace, 1749-1827

• We use Machine Learning to deal with the unknown
• Bayesian probability is the application of logic in the face of uncertainty

• Applications usually care about Inverse Probability..
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• We use Machine Learning to deal with the unknown
• Bayesian probability is the application of logic in the face of uncertainty

• Applications usually care about Inverse Probability..



Whirlwind Introduction to Inverse
Probabilities



Overview…

Motivation
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Whirlwind Introduction to Inverse Probabilities

Model Selection

Gaussian Processes (a Prior over Functions)

Application: Bayesian Optimisation

Evaluation

Conclusions



Monty Hall..



Monty Hall..



Monty Hall..



Monty Hall..



Monty Hall..



Monty Hall..



Monty Hall..



Monty Hall: Think of a tree diagram…
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Monty Hall: How would we generate data (or simulate)?

1 door_with_car = pick_random({1, 2, 3})
2 door_with_goat = {1, 2, 3} - door_with_car
3
4 door_picked = pick_random({1, 2, 3})
5
6 if door_picked == door_with_car:
7 door_to_open = pick_random(door_with_goat)
8 else:
9 door_to_open = door_with_goat - door_picked
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3
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Monty Hall: How would we generate data (or simulate)?

1 door_with_car = pick_random({1, 2, 3}) # 1/3 equal chance
2 door_with_goat = {1, 2, 3} - door_with_car
3
4 door_picked = pick_random({1, 2, 3}) # 1/3 equal chance
5
6 if door_picked == door_with_car:
7 door_to_open = pick_random(door_with_goat) # 1 times in 3
8 else:
9 door_to_open = door_with_goat - door_picked # 2 times in 3



Consider Modelling as a Generative
Process



Probability

• Notation p(a) ≡ p(A = a) where a is a particular outcome chosen for a random
variable A from the set of all possible outcomes A

p(A |B) means “probability of A being the case given that B occurs”

• Probabilities in the range 0→ 1

• 0 = impossible

• 1 = certain

• Sum over all possible outcomes must be 1

• Important: We only have
∑

a∈A p(a | b) = 1 is only true over a ∈ A (not for b)



The Rules of Probability (there are only 2!)

The Sum Rule (Marginalisation)

p(A = a) =
∑
b∈B

p(A = a, B = b)

• If continuous, rather than discrete, use densities and

p(A = a) =
∫
R

p(A = a, B = b) db

The Product Rule

p(A = a, B = b) = p(A = a | B = b) p(B = b) = p(B = b | A = a) p(A = a)

• Bayes’ rule follows from these rules..
• Only consistent approach for probability as “degree of plausibility” (Cox)



Bayes’ Rule (it’s not really an additional rule!)

• From the product rule

p(A = a, B = b) = p(A = a | B = b) p(B = b) = p(B = b | A = a) p(A = a)

⇒ p(A = a | B = b) = p(B = b | A = a) p(A = a)
p(B = b)

• From the sum rule, the denominator is

p(B = b) =
∑
a∈A

p(A = a, B = b) =
∑
a∈A

p(B = b | A = a) p(A = a)

• So we can confirm that the result must sum to one over a ∈ A!

⇒ p(A = a | B = b) = p(B = b | A = a) p(A = a)∑
a∈A p(B = b | A = a) p(A = a)



Bayes’ Rule

• We can also condition on other informationH

p(a | b,H) = p(b | a,H) p(a | H)
p(b | H)

• We give the parts of equation specific terms

Posterior = Likelihood× Prior
Evidence

Posterior Probability (after) = Likelihood (of event)× Prior Probability (before)
Evidence



Example of Bayes’ Rule..

• Consider a legal trial..

p(guilt | observations)︸ ︷︷ ︸
Posterior

=

Likelihood︷ ︸︸ ︷
p(observations | guilt)×

Prior︷ ︸︸ ︷
p(guilt)

p(observations)︸ ︷︷ ︸
Evidence

• The evidence is the sum of the top row over both the guilty (guilt = 1) and innocent
(guilt = 0) cases.

• We might want to be careful about how we treat p(guilt).

• Consider that the jury has to return a verdict “beyond all reasonable doubt”..
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Example of Bayes’ Rule..

• Consider a legal trial..
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• Consider that the jury has to return a verdict “beyond all reasonable doubt”..



Bayes’ Rule with models and functions..

p(functions | observed data)︸ ︷︷ ︸
Posterior

=

Likelihood︷ ︸︸ ︷
p(observed data | functions)×

Prior︷ ︸︸ ︷
p(functions)

p(observed data)︸ ︷︷ ︸
Evidence

p(f | D)︸ ︷︷ ︸
Posterior

=

Likelihood︷ ︸︸ ︷
p(D | f)×

Prior︷︸︸︷
p(f)

p(D)︸ ︷︷ ︸
Evidence

p(D) =
∑

f

p(D | f) p(f)

Data D = {X, Y }, pairs of inputs {xn} and outputs {yn}, and functions f

Average over functions to predict unknown output y∗ for a new input x∗:

p(y∗ | x∗,D) =
∑

f

p(y∗ | x∗, f) p(f | D)
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Prior over functions…
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Combine prior with data…
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Average over functions to predict…
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Averaging over functions gives us (Epistemic) Uncertainty!
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Bayes’ Rule with models and parameters..

p(params | obs. data)︸ ︷︷ ︸
Posterior

=

Likelihood︷ ︸︸ ︷
p(obs. data | params)×

Prior︷ ︸︸ ︷
p(params)

p(obs. data)︸ ︷︷ ︸
Evidence

p(w | D)︸ ︷︷ ︸
Posterior

=

Likelihood︷ ︸︸ ︷
p(D | w)×

Prior︷ ︸︸ ︷
p(w)

p(D)︸ ︷︷ ︸
Evidence

Data D = X, Y , pairs of inputs xn and outputs yn

Prediction of output y∗ for a new input x∗:

p(y∗ | x∗,D) =
∑
w

p(y∗ | x∗, w) p(w | D)
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New thought process; no longer

“Find the best parameters”,

now

“Find all the parameters that
agree with the data”..
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Model selection (“Which model should I use?”)

• How much data do we need?

• Might not be the right question..
• What can we actually say?
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Science (and Machine Learning) cannot
prove things to be true via data

we can only demonstrate that things
are inconsistent with data
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Model selection illustration: Gravity!

Stable Diffusion: “Drop cannonball and
orange off the leaning tower of Pisa.”
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Model selection illustration: Gravity!

Stable Diffusion: “Drop cannonball and
orange off the leaning tower of Pisa.”

https://www.youtube.com/watch?v=oYEgdZ3iEKA

https://www.youtube.com/watch?v=oYEgdZ3iEKA


Bayes’ Rule for model selection..

p(w | D)︸ ︷︷ ︸
Posterior

=

Likelihood︷ ︸︸ ︷
p(D | w)×

Prior︷ ︸︸ ︷
p(w)

p(D)︸ ︷︷ ︸
Evidence

Data D = {X, Y }, input/output pairs, and parameters w
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Data D = {X, Y }, input/output pairs, and parameters w for ModelM = m
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If prior over models is equal, we compare via the Evidence for the Model: p(D | M = m)



Model selection example

Fitting polynomial models to data under Gaussian noise, εn ∼ N (0, σ2):

Model 1 : yn = a0 + a1xn + εn

Model 2 : yn = a0 + a1xn + a2x2 + εn

Model 3 : yn = a0 + a1xn + a2x2 + a3x3 + εn

Model 4 : yn = a0 + a1xn + a2x2 + a3x3 + a4x4 + εn

Model 5 : yn = a0 + a1xn + a2x2 + a3x3 + a4x4 + a5x5 + εn

Parameters wm = [a0, . . . , am] for model m, where m ∈ [1, . . . , 5].



Model selection example



Model selection example (more noise)



Model Selection: Polynomial Example

Simple (discrete) case: y(x) =
∑M

m=0 am xm, am ∈ {−1,−1/2, 0, 1/2, 1}
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Bayesian Regression Example

Consider a regression model with data {xn, yn} and noise {εn}, n = 1, . . . , N :

yn = f(xn; w) + εn .

We define the model with parameters w as

f(x; w) =
M∑

m=1
wm ϕm(x) ;

a weighted linear sum of M non-linear bases ϕm(x) with

ϕm(x) = exp
(
−(x− cm)2

2ℓ2

)
.

This is often termed a Radial Basis Function (or Exponented Quadratic Function) with fixed
centres cm and lengthscale ℓ.



Bayesian Regression Example

If we assume an iid Gaussian noise model for εn ∼ N (0, σ2) then we have the likelihood

p(y |x, w, σ2) =
N∏

n=1
p(yn |xn, w, σ2) ,

with
p(yn |xn, w, σ2) = N (f(xn; w), σ2) .

We put a zero mean Gaussian prior on the weights

p(w |α) =
M∏

m=1
N (wm |0, α−1)

with precision (inverse variance) α.



Bayesian Regression Example

Since Gaussians are self-conjugate, the posterior over the weights is also Gaussian:

p(w |x, y, α, σ2) = p(y |x, w, σ2) p(w |α)
p(y |x, α, σ2)

= N (w |µ, Σ) ,

where
µ :=

[
Φ⊤ Φ + σ2α I

]−1 Φ⊤ x

Σ := σ2 [Φ⊤ Φ + σ2α I
]−1

[Φ]n,m := ϕm(xn) .

Therefore, the predictive distribution over y∗ for a new input x∗ is

p(y∗ |x∗, x, y, α, σ2) =
∫

p(y∗ |x∗, w) p(w |x, y, α, σ2) dw

= N (y∗ |ϕ∗⊤ A−1 Φ⊤ y, ϕ∗⊤ A−1 ϕ∗ + σ2) ,

with
A :=

[
Φ⊤ Φ + σ2α I

]
, [ϕ∗]m := ϕm(x∗) .



Bayesian Regression: Choices

This leaves us with a number of choices to make:

1. How many basis functions (M ) should we use?
2. Where should they be located?
3. What about the lengthscale ℓ?
4. How does the prior α affect things?

Let’s look at these in more detail..



Bayesian Regression: Varying the Number of Bases (M )

We can show that in the infinite limit (M →∞) we get a Gaussian Process!



Bayesian Regression: Varying the Lengthscale (ℓ)

We observe a transition from ”under-fitting” to ”over-fitting”.



Bayesian Regression: Varying the Prior (α)

Varying the prior affects our ”confidence” in the data.



Gaussian Process Regression

Let us take a step back and look at regression from the beginning…
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We want to “fit” y = f(x) + ε, given our examples {xn, yn}; what else do we need?

We are performing learning, therefore we need to make some assumptions…

• What are the minimal assumptions required? Smoothness!
• We also want error bars! To quantify our uncertainty.
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The Univariate Gaussian Distribution
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The Multivariate Gaussian Distribution
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Covariance of the Multivariate Gaussian



Sampling from a 2D Gaussian



Sampling from a 2D Gaussian



Sampling from a 2D Gaussian



Sampling from a 6D Gaussian



Sampling from a 6D Gaussian (varying covariance)



Sampling from a 10D Gaussian (varying covariance)



Observations

• As we change the covariance structure we change the nature of the samples

• Increasing the covariance→ smoother samples

• BUT: how did we know where to place the x-axis values?

• What is the relationship between the different dimensions in the covariance Σ?

Σ =
[
σ11 σ12

σ21 σ22

]

• σ12 = σ21

• High values of σ12 ⇒ x1 and x2 correlated
• Low values of σ12 ⇒ x1 and x2 uncorrelated
• High correlation produces smooth output
• Smoothness prior⇒ nearby x1 and x2 should be correlated!
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Consider a Covariance Function…

Σ(x1, x2) =
[
exp(−∥x1 − x1∥2) ≡ 1.0 exp(−∥x1 − x2∥2)
exp(−∥x2 − x1∥2) exp(−∥x2 − x2∥2) ≡ 1.0

]
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⇒ exp(−∥x1 − x2∥2) is small ⇒ ∥x1 − x2∥2 is large
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The Covariance Function⇔ Smoothness!!

• Excitement :-D

• We can now encode a prior on continuous functions!

• Despite the fact that x ∈ R is an infinite object!

• For any finite set {x1, x2, . . . , xN} we know how the function correlates:

Σi,j = κ(xi, xj) = exp(−∥xi − xj∥2)

• This is the exponentiated quadratic covariance function (or kernel)
• (sometimes refered to as a Radial-Basis Function (RBF) kernel)1

1but RBF can be a more general term
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Exponentiated Quadratic Covariance Function / Kernel

Σi,j = κEQ(xi, xj) = σ2
f exp

(
− 1

2ℓ2 ∥xi − xj∥2
)

• Hyperparameters of the kernel:
• σ2

f is the variance of the kernel
• ℓ is the lengthscale of the kernel

• The length-scale modulates the smoothness vs. distance between the x locations

• From this definition, we can draw samples from our Gaussian Process prior..
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Full Definition of a GP

• More formally: a Gaussian Process is a Random Process or Stochastic Process
• In contrast to a random variable that adopts a distribution (e.g. x ∼ N (µ, σ2), a
stochastic process defines a family of random variables

• This family is define over some index set x ∈ X (e.g. our input space x ∈ R)
• A GP is a random process where any finite collection from the index set,
e.g. (x1, x2, . . . , xN ), define a set of jointly Gaussian distributed random variables

• A Gaussian distribution is be defined by the mean and (co)variance
• A Gaussian process is defined by a mean function µ(·) and covariance function κ(·, ·)

f ∼ GP
(
µ(x), κ(x, x′)

)
• Note: We usually assume the mean function to be zero (e.g. subtract it from the data
before we start)



Aside on Covariance Kernels

• The use of kernels to replace feature spaces has a long history and is the source of a
number of interesting machine learning algorithms

• It is important to note that covariance kernels are not completely arbitrary functions!

• They must satisfy the properties of an inner product on some feature space (although
this feature space can have an infinite dimension as is the case for a exponentiated
quadratic kernel)

• The must form a symmetric matrix with the same data for both inputs

• This matrix must be positive semi-definite (form a valid covariance matrix)

• Many kernels are stationary, that is κ(xi, xj) = g(|xi − xj |) (e.g. the exponentiated
quadratic), however there are valid non-stationary kernels as well



What about the Data?

• We can think of the Gaussian Process as a prior over the function

• Once we have a prior we can sample from then we know we can combine it with a
likelihood to perform Bayesian inference!

• We can make this explicit by considering the unknown function f(·) given the noisy
observations y for know inputs x

p(y |x) ∝ p(y |f) p(f |x)

• Now we have the GP as the prior over f(·) so we can write

f ∼ p(f |x) = GP
(
0, κEQ(x, x′)

)
• Equally, we have our standard Gaussian likelihood for the observation noise

p(y |f) = N (y |f, σ2
n)

• So, we sample from the GP and weigh those samples according to the likelihood…
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What about the Data?



Can we do Better than Sampling?

• Excitement!: GP’s are a rare case with a closed form of Bayes’ Rule!
• Caveat: This is when we have a Gaussian likelihood model for the noise
• No surprises - this comes from the product of Gaussians→ Gaussian

p(y |x) =
∫

p(y |f) p(f |x) df

=
∫
N (y |f, σ2

n I)GP
(
0, κ(x, x)

)
df

=
∫
N (y |f, σ2

n I)N (f |0, Kx,x) df

= N (y |0, Kx,x + σ2
n I)

• Here construct the covariance matrix Kx,x via [Kx,x]i,j := κ(xi, xj)



What about a new data point?

• Construction that lead to p(y |x) = N (y |0, Kx,x + σ2
n I) true for arbritrary {x, y}

• Now let us add an extra test input and output (x∗, y∗)

p(y, y∗ |x, x∗) = N (y |0, Kx,x + σ2
n I)

• We can write this joint distribution as[
y
y∗

]
∼ N

(
0,

[
κ(x, x) κ(x, x∗)
κ(x∗, x) κ(x∗, x∗)

])

• Use the properties of Gaussians to find p(y∗ |y, x, x∗) in closed form!

p(y∗ | x∗, x, y) = N (µ∗, Σ∗)

µ∗ = κ(x∗, x)κ(x, x)−1y
Σ∗ = κ(x∗, x∗)− κ(x∗, x)κ(x, x)−1κ(x, x∗)
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Samples from the posterior (closed form!):



Learning the Hyper-Parameters

Σi,j = κ(xi, xj) = σ2
f exp(− 1

2ℓ2 ∥xi − xj∥2)

• We have to learn the values of the hyper-parameters from our training data

• In particular, for the exponentiated quadratic covariance we have the lengthscale ℓ

and the signal variance σ2
f

• We also need to estimate the noise variance σ2
n

• (We do this in a similar manner to the hyperparameters but machine learners differ
over whether or not the noise variance is technically a hyper-parameter or a model
parameter)
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Learning the GP Hyper-Parameters



How do we Find the Balance?

• Use the marginal log-likelihood to obtain the parameters2

log p(y | x, ℓ, σ2
n) = logN

(
y | 0, κ(x, x|ℓ) + σ2

nI
)

= −N

2
log(2π)− 1

2
log |K | − 1

2
Tr
[
K−1yy⊤

]
with K := κ(x, x | ℓ) + σ2

nI

2Type-II Maximum Likelihood



How do we Find the Balance?

log p(y|x, ℓ, σ2
n) ∝ −1

2
log |K | − 1

2
Tr
[
K−1yy⊤

]
with K = κ(x, x|ℓ) + σ2

nI

The Marginal Log Likelihood is a trade-off between two terms:

• Data-fit term Tr
[
K−1yy⊤

]
is optimal when the covariance function explains the

training data perfectly (that is K = yy⊤)

• Bayesian regularisation term log |K | penalises complexity in the kernel and favours
simpler solutions (maximum penalty for K = I)



GP Optimising Hyper-Parameters



How has the GP Helped?

Looking back at the Bayesian Regression choices:

1. How many basis functions (M ) should we use?

2. Where should they be located?

• The GP takes has infinite capacity (M →∞) so we effectively have basis functions
located everywhere (through the kernel trick)

3. What about the lengthscale ℓ?

• We can fit the hyperparameters of the covariance kernels (for example the lengthscale)
by maximising the marginal log-likelihood

4. How does the prior α affect things?

• We can fold this term into the covariance kernel (usually as the signal variance
hyperparameter) and estimate it in the same manner as the lengthscale via the
marginal log-likelihood
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Summary

• We have motivated the use of Gaussian Process priors for regression and shown that
they provide a non-parametric framework for Bayesian regression that automatically
take care of many of the (arbitrary) decisions from parametric Bayesian regression

Are we all done?

• The models so far have some limitations:

1. Computational scaling with data

2. Only work for a Gaussian likelihood

3. Point estimates for hyperparameters

4. Only shown models for regression (supervised learning)

5. Can extend ideas into unsupervised learning



Application: Bayesian Optimisation



Overview…

Motivation

No Free Lunch

Whirlwind Introduction to Inverse Probabilities

Model Selection

Gaussian Processes (a Prior over Functions)

Application: Bayesian Optimisation

Evaluation

Conclusions



Probabilistic Numerics!

Probabilistic Numerics: Computation as Machine Learning
• Numerical problem→ statistical inference
• Encode structural knowledge as a prior
• Uncertainty from all sources:

• Stochastic input
• Numerical Computation itself!

• Example applications:

https://www.probabilistic-

numerics.org/assets/ProbabilisticNumerics.pdf

https://www.probabilistic-numerics.org

https://www.probabilistic-numerics.org/assets/ProbabilisticNumerics.pdf
https://www.probabilistic-numerics.org/assets/ProbabilisticNumerics.pdf
https://www.probabilistic-numerics.org


Bayesian Optimisation Applications
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Optimisation problem

• We want to solve
x∗ = arg min

x∈X
f(x)

• We have a method to evaluate f but it is explicitly unknown (and non-convex!)
• Evaluations of f are expensive (in cost or time)
• Evaluations of f may not be precise (noisy)
• We assume it is too expensive to calculate gradients >- More formally:

f : X → R is ‘well behaved‘ within a bounded domain X ⊆ RD

e.g. the function is Lipschitz Continuous such that |f(x1)− f(x2)| ≤ L∥x1 − x2∥ for
some distances | · | and ∥ · ∥, and some known constant L ≥ 0



Optimisation problem illustration
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Ackley's Function at y=0



Important (and expensive) problems!

• Thinking outside the box: Many tasks can be posed as optimisation problems..
• Science - e.g. function evaluation might be an experiment to conduct
• Engineering - e.g. optimisation of designs might require simulations
• Machine Learning - e.g. hyperparameter search, problems without gradients
• Robotics/RL - e.g. function evaluation could be a full roll-out
• Scheduling - e.g. complex interactions remove convexity

• Can run over non-vector spaces (e.g. molecule design or drug discovery)
• Can optimise graphs (e.g. causal discovery)
• Bayesian expertimental design⇒ automate science!

• Leads to the concept of black-box optimisation!
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How to optimise a black-box function?

1. Use previous knowledge?

“Grad student descent” - tweak by hand using experience and hope for the best..

2. Search over a grid of values?

If L-Lipschitz such that |f(x1)− f(x2)| ≤ L∥x1 − x2∥ (and noise free), then to guarantee
a precision of ε we would need (L/ε)D evaluations! (e.g. (1/0.01)5 = 10 billion)

3. Random search?

Might well be better than grid search (e.g. if not all variables are equally important) but
still expensive for good coverage
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Grid search with an unimportant dimension..

−4 −2 0 2 4
Important Variable

−4

−2

0

2

4

Un
im

po
rt

an
t V

ar
ia

bl
e



Random sampling with an unimportant dimension..
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Let’s have a go..
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Where’s the minimum?



Let’s have a go..

−4 −3 −2 −1 0 1 2 3 4
−0.6

−0.4

−0.2

0.0

0.2

0.4

0.6
Observations

Where’s the minimum?



First attempt..
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Second attempt..
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Many attempts..
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Many many attempts..
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Many many attempts..
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But remember the Gaussian Process as a posterior over functions..
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Ideal solution..
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Use of “surrogate modelling” for optimisation

• IDEA: Replace complex objective f with a surrogate model

• This surrogate model is trained from observations
• QUESTION: How should we collect new observations to get the best surrogate?

1. Define some utility (or loss) function to collect new data

• These should statisfy some optimal criteria
• Optimisation as a decision!

2. Each sequential decision problem posed as inference using the surrogate model

• Trade off exploration/exploitation for new data points
• Need calibrated uncertainty (epistemic and aleatoric)
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• Helpful to have posterior computed efficiently in closed form

• Surrogate needs to be cheaper than the original objective!

• Other models could include:

• Student-T processes (robust), Random Trees and Forests, Bayesian Neural Networks, etc…
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• Original problem: x∗ = arg minx∈X f(x)
• Surrogate: s(x) ≈ f(x)

• Use GP Prior: s(x) ∼ GP
(
µθ(x), Kθ(x, x′)

)
• Observations so far: D := {X, Y }
• GP Posterior: s(x | D) := N

(
µθ(x | D), σ2

θ(x | D)
)

• Exploration and exploitation can be traded-off via µθ(x | D) and σθ(x | D)⇒ Yay :-)
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• Recall: Optimisation as a sequential decision process…

• We need to decide where to “sample” the objective to get the next data point

• Acquisition function! A proxy measure of where to sample

• Optimising the acquisition function should yield a good trade-off between
exploration and exploitation
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Does the surrogate need to be a good model for the objective
everywhere?

• Maybe only needs to be “good” around the minimum and “good enough” elsewhere…



Does the surrogate need to be a good model for the objective
everywhere?

• Maybe only needs to be “good” around the minimum and “good enough” elsewhere…



The acquisition function

−4 −3 −2 −1 0 1 2 3 4
−1

0

1

μ(
x|

)

1e−1−0.6

−0.4

−0.2

0.0

0.2

0.4

0.6
Observations
GP Posterior

Mean function ↔  exploitation (best guess given current data)
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Acquisition function: GP Upper Confidence Bound
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• GP-UCB balances explore/exploit: αUCB(x|β,D) = µ(x|D)− β σ(x|D)
• Theoretical guarantees available! Optimal choices for β “regularisation parameter”



Acquisition function: Expected Improvement
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• EI perhaps most common: αEI(x|D) =
∫

min{0, s− smin)} p(s | x,D) ds(x)
• Closed form for Gaussian posteriors but can be too “greedy” in some problems



Acquisition function: Expected Improvement (Derivation for interest)

s∗ := min
n∈[1,N ]

s(xn) (i.e. the smallest value seen so far in D)

EI(x) := E
[
min{s∗, s(x)}

]
= s∗ +

∫ ∞

−∞
min{0, s(x)− s∗} p

(
s(x) | D

)
ds(x)

= s∗ +
∫ ∞

s∗
0 · p

(
s(x) | D

)
ds(x) +

∫ s∗

−∞
(s(x)− s∗) p

(
s(x) | D

)
ds(x)

= s∗ +
∫ s∗

−∞
(s(x)− s∗) p

(
s(x) | D

)
ds(x)

= − σ2(x)N
(
s∗ | µ(x), σ2(x)

)
+
(
µ(x)− s∗)Φ

(
s∗ | µ(x), σ2(x)

)
• Φ(· | µ, σ2) is the Normal cumulative distribution function
• Dropped dependency on D in s(·), µ(·) and σ(·) for clarity



Other acquisition functions

• There are many different acquisition functions from different motivations, e.g.

• (Predictive) Entropy Search:

αES(x|D) = H
[
p(xmin | D)

]
− Ep(s|x,D)

[
H
[
p(xmin | D ∪ {x, s})

]]
• Information theoretic approach to reduce the entropy of p(xmin)
• Note: Approximating p(xmin) is not trivial

• Thompson Sampling:

αES(x|D) = ŝ(x), where ŝ(x) sample←−−−− s(x | D) := N
(
µθ(x | D), σ2

θ(x | D)
)

• Stochastic acquistion function (sample from GP posterior)
• Used in PES to compute p(xmin)



The Bayesian optimisation algorithm

• Choose a prior for the objective f(·) and collect some initial data (also need the
domain range!)

• While you still have time/budget:

1. Combine the prior and available data to find the posterior
2. Use the posterior to construct the acquisition function
3. Find the best next query from the acquisition function
4. Evaluate the objective at the query and extend the dataset

• Report the best objective sample found!
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Bayesian optimisation in action!
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Bayesian Optimisation Summary

Transformed the original unsolvable problem:

x∗ = arg min
x∈X

f(x)

into a series of solvable problems:

xn+1 = arg min
x∈X

α
(
x | Dn, s(x | Dn)

)
where:

• α(·) is inexpensive to evaluate
• Gradients of α(·) are available (faster optimisation methods)
• Issue is now finding sensible modelling and heuristics for the surrogate and α(·)
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Gotchas!

• Make sure your priors are sensible!

• Is the covariance function an appropriate model?
• Amplitude scale is right
• Lengthscale is appropriate
• Are the observations noisy? (might need noise model)

• Should I restimate my hyperparams at each iteration?

• Data normalised

• Can I guarantee to optimise the acquisition function appropriately

• Computational complexity of GP O(N3) (usually not an issue vs objective!)



Extensions..

• Batched Bayes Opt: Ask for multiple new observations in parallel at each stage

• Multi-Step Look-Ahead: (Related) try to find a group of queries that are optimal
rather than a single optimal query

• Clearly these ideas are tied into sequential decision making processes and hence
Reinforcement Learning..



Further reading:

• Gaussian Proccess Summer School has video lectures and practicals on “Bayes Opt”:
https://gpss.cc

• Probabilistic Numerics Book from the start of the lecture has comprehensive
overview of Bayesian optimisation

https://gpss.cc


Varying the lengthscale as well..
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Evaluation in Machine Learning

We have made a cool new model with great advances..

• How do we evaluate empirical performance?
• What do we care about?

We probably want:

• Fair comparisons (comparing methods)
• Useful comparisons (what can we learn)
• Understand limitations (how confident should we be)

• How can we make it better if we don’t know where it fails?!
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Final draft available on the website:

https://udlbook.github.io/udlbook/

I strongly recommend you take a look!
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Evaluation: Noise, Bias and Variance

yn = f(xn; ϕ) + εn, n = 1 . . . N, εn ∼ N (0, σ2)

y(x) = f(x; ϕ) + ε

µ(x) = Ey[ y(x) ] =
∫

y(x) p(y | x) dy

Now consider a least squares (L2) loss function:

L(x, ϕ) =
(
f(x; ϕ)− y(x)

)2
=
((

f(x; ϕ)− µ(x)
)

+
(
µ(x)− y(x)

))2
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(
f(x; ϕ)− µ(x)

)2 + 2
(
f(x; ϕ)− µ(x)

) (
µ(x)− y(x)

)
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(
µ(x)− y(x)

)2
⇒ Ey[L(x, ϕ) ] =

(
f(x; ϕ)− µ(x)

)2 + σ2
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Evaluation: Noise, Bias and Variance

Ey[L(x, ϕ) ] =
(
f(x; ϕ)− µ(x)

)2 + σ2︸︷︷︸
noise

We have partitioned the expected loss into two terms, the second is some irreducible
noise that comes with the observations (e.g. sensor noise).

So far we have ignored the fact that we actually estimate parameters from a sampled
dataset D = {xn, yn}Nn=1

fµ(x) := ED
[
f
(
x; ϕ(D)

) ]
⇒
(
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+
(
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fµ(x)− µ(x)
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Evaluation: Noise, Bias and Variance

Therefore, if we take expectations over datasets, our expected loss comprises three terms:

ED[Ey[L(x, ϕ) ] ] = ED
[ (

f(x; ϕD)− fµ(x)
)2 ]︸ ︷︷ ︸

variance

+
(
fµ(x)− µ(x)

)2︸ ︷︷ ︸
bias

+ σ2︸︷︷︸
noise

Note: more complex for models other than least squares…

Noise Error in measurements (e.g. sensor noise, missing data, data mislabelled, …)

Bias Systematic deviation from the true mean of the function (e.g. due to limitations of our model, …)

Variance Uncertainty in the fitting of our model due to limitations of the dataset (e.g. too few samples, dataset
doesn’t span the distribution, …)
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Evaluation: Noise, Bias and Variance

ED[Ey[L(x, ϕ) ] ] = ED

[(
f(x; ϕD)−

best possible
model from
infinite data︷ ︸︸ ︷

fµ(x)
)2]

︸ ︷︷ ︸
variance

+
(
fµ(x)−

true
function︷ ︸︸ ︷
µ(x)

)2︸ ︷︷ ︸
bias

+ σ2︸︷︷︸
noise



Evaluation: Variance reduction



Evaluation: Bias reduction



Evaluation: Bias reduction



Evaluation: Overfitting



Evaluation: Bias-Variance tradeoff



Recall: Spiral Dataset with an MLP..
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Recall: Spiral Dataset with an MLP: Different datasets..

data_seed=0 (acc=1.00) data_seed=1 (acc=1.00) data_seed=2 (acc=1.00)

data_seed=3 (acc=1.00) data_seed=4 (acc=1.00) data_seed=5 (acc=1.00)

Varying dataset, fixed MLP initialization



Recall Spiral Dataset with a Bayesian (GP) model: Different datasets..

data_seed=0 data_seed=1 data_seed=2

data_seed=3 data_seed=4 data_seed=5

Varying dataset, GP classifier (RBF kernel, Bernoulli likelihood)



How does this relate to the Bayesian Objective? {[Fong and Holmes 2020]}

Consider using the evidence (marginal log-likelihood) as an objective:

D = {x1, . . . , xn}, p(D) = p(x1, . . . , xn) =
∫ N∏

n=1
p(xn | w)︸ ︷︷ ︸
likelihood

prior︷ ︸︸ ︷
p(w) dw
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Consider using the evidence (marginal log-likelihood) as an objective:

D = {x1, . . . , xn}, p(D) = p(x1, . . . , xn) =
∫ N∏

n=1
p(xn | w)︸ ︷︷ ︸
likelihood

prior︷ ︸︸ ︷
p(w) dw

For any permutation π of {1, . . . , N}

p(D) =
N∏

k=1
p(xπ(k) | xπ(1), . . . , xπ(k−1))

Nb. p(a, b, c) = p(a | b, c) p(b | c) p(c) = p(c | a, b) p(b | a) p(a) etc..



How does this relate to the Bayesian Objective? {[Fong and Holmes 2020]}

Consider using the evidence (marginal log-likelihood) as an objective:

D = {x1, . . . , xn}, p(D) = p(x1, . . . , xn) =
∫ N∏

n=1
p(xn | w)︸ ︷︷ ︸
likelihood

prior︷ ︸︸ ︷
p(w) dw

For any permutation π of {1, . . . , N}

p(D) =
N∏

k=1
p(xk | xπ(1), . . . , xπ(k−1))︸ ︷︷ ︸

Bayesian predictive density

p(x∗ | {x1, . . . , xK})︸ ︷︷ ︸
Prediction on new point

=
∫

p(x∗ | w) p(w | {x1, . . . , xK})︸ ︷︷ ︸
Posterior over the weights

dw



How does this relate to the Bayesian Objective? {[Fong and Holmes 2020]}

Consider using the evidence (marginal log-likelihood) as an objective:

D = {x1, . . . , xn}, p(D) = p(x1, . . . , xn) =
∫ N∏

n=1
p(xn | w)︸ ︷︷ ︸
likelihood

prior︷ ︸︸ ︷
p(w) dw

For any permutation π of {1, . . . , N}

log p(D) =
N∑

k=1
log p(xπ(k) | xπ(1), . . . , xπ(k−1))

Average over all the N ! permutations (RHS the same since exchangeable!)

log p(D) = 1
N !

∑
π

N∑
k=1

log p(xπ(k) | xπ(1), . . . , xπ(k−1))



How does this relate to the Bayesian Objective? {[Fong and Holmes 2020]}

Consider using the evidence (marginal log-likelihood) as an objective:

D = {x1, . . . , xn}, p(D) = p(x1, . . . , xn) =
∫ N∏

n=1
p(xn | w)︸ ︷︷ ︸
likelihood

prior︷ ︸︸ ︷
p(w) dw

Average over all the N ! permutations (RHS the same since exchangeable!)

log p(D) = 1
N !

∑
π

N∑
k=1

log p(xπ(k) | xπ(1), . . . , xπ(k−1)) (1)

=
N∑

k=1

 1
N !

∑
π

log p(
All remaining x /∈ S︷ ︸︸ ︷

xπ(k) | xπ(1), . . . , xπ(k−1)︸ ︷︷ ︸
All subsets S of size (k − 1)

)

 (2)

Cross Validation: CV(k) := E
|S|=k, i/∈S

[
log p(xi | xS)

]



How does this relate to the Bayesian Objective? {[Fong and Holmes 2020]}

Consider using the evidence (marginal log-likelihood) as an objective:

D = {x1, . . . , xn}, p(D) = p(x1, . . . , xn) =
∫ N∏

n=1
p(xn | w)︸ ︷︷ ︸
likelihood

prior︷ ︸︸ ︷
p(w) dw

⇒ log p(D) =
N∑

k=1
CV(n)

Cross Validation: CV(k) := E
|S|=k, i/∈S

[
log p(xi | xS)

]
The Bayesian Evidence is the sum over every possible training-set size of the average
train/validate log-predictive density/score (at that size)!

Note: Weighting of the subsets is not uniform and there is a block version, see [Fong and
Holmes 2020]
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Bayesian Objective↔ Cross-Validation Illustration
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Bayesian Objective↔ Cross-Validation Illustration
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Evaluation: Statistical Significance..

• If you have some statistics training you may be familiar with the concept of statistical
significance

• At high-level, this concerns the overlapping of (error) distributions and whether you
could distinguish reliably between two distributions

• It is possible to conduct formal tests…

• My Advice: try to avoid this as it is prone to all kinds of subtle decisions and
arguments. Better to show the raw data in a useful form and people can perform
their own assessment…



Evaluation: Statistical Significance..

• If you have some statistics training you may be familiar with the concept of statistical
significance

• At high-level, this concerns the overlapping of (error) distributions and whether you
could distinguish reliably between two distributions

• It is possible to conduct formal tests…

• My Advice: try to avoid this as it is prone to all kinds of subtle decisions and
arguments. Better to show the raw data in a useful form and people can perform
their own assessment…



Evaluation: Example with statistical tests..



Evaluation: Look at test error distributions (e.g. histograms..)
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Evaluation: Look at test error distributions (e.g. histograms..)
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Evaluation: Alignments example with error bars..



Evaluation: Alignments example with error bars..



Evaluation: Alignments example with error bars..



Evaluation: Example with histograms (e.g. violin plots)..



Evaluation: Histograms with illustrations!



Conclusions



Overview…

Motivation

No Free Lunch

Whirlwind Introduction to Inverse Probabilities

Model Selection

Gaussian Processes (a Prior over Functions)

Application: Bayesian Optimisation

Evaluation

Conclusions



Conclusions

• Hopefully motivated the need for uncertainty in ML (?)

• These techniques are important!

• Make ML safe, trustworthy and robust for applications

• Rigour in experimental validation

• There is still much work do be done here!



Further Reading

• Understanding Deep Learning, Simon J.D. Prince
• https://udlbook.github.io/udlbook/

• Information Theory, Inference, and Learning Algorithms, David MacKay
• https://www.inference.org.uk/itprnn/book.html

• Pattern Recognition and Machine Learning, Christopher M. Bishop
• Microsoft Website with PDF

• Computer Vision: Models, Learning, and Inference, Simon J.D. Prince
• http://www.computervisionmodels.com/

• Probabilistic Numerics: Computation as Machine Learning, Philipp Hennig, Michael A. Osborne, Hans
Kersting

• https://www.probabilistic-numerics.org/textbooks/

https://www.microsoft.com/en-us/research/publication/pattern-recognition-machine-learning/


That’s all folks..
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